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Abstract—In this paper, we investigate the cooperative resource sharing
and pricing for the licensed Primary User (PU) and Cognitive Radio Net-
works (CRNs), where the PU jointly determines how to share its under-
utilized radio resource with Secondary Users (SUs) and how to charge SUs
accordingly. Meanwhile, the SUs jointly determine how to utilize the shared
radio resource from the PU and their preferred payments. Since both the PU
and SUs expect to benefit from cooperation, we model their interactions as a
Nash bargaining problem. Viewing the nonconvexity of bargaining problem,
we first propose a two-step procedure to solve it efficiently. The two-
step procedure explores the connection between the bargaining problem
and its associated social optimization problem, and thus turns the original
nonconvex bargaining problem into two consecutive convex optimization
problems. We then propose two efficient algorithms, each with guaranteed
convergence, to solve these two problems, respectively. Numerical results
show that our proposed two-step procedure achieves the optimality of the
bargaining problem with significantly reduced computational complexity.
Also, our joint resource sharing and pricing scheme guarantees that each
SU and PU can positively benefit from the cooperative bargaining and the
benefit is fairly allocated among them.

Index Terms—Dynamic Spectrum Access Networks, Cooperative Re-
source Sharing, Pricing, Nash Bargaining Solutions

1 INTRODUCTION

With the rapid growth of wireless communications and services, the
issue of spectrum congestion has arisen more and more concerns in past
decades. Cognitive Radio (CR), based on its advanced capabilities of
sensing and cognition, has been considered as a promising approach
to improve spectrum efficiency and release the pressure of spectrum
shortage. At present, there have been various paradigms proposed to
implement Cognitive Radio Networks (CRNs), including Dynamic Ex-
clusive Usage Model, Open Sharing Model, and Hierarchical Access
Model [1]. Among those paradigms, the envisioned Dynamic Exclusive
Usage (also called “dynamic licensing” model) attracts a great research
interest. In this model, the Primary User (PU) is granted the exclusive
usage of its licensed spectrum, which might be under-utilized from time
to time. To improve its efficiency of utilization, the PU is assumed to
know the existence of Secondary Users (SUs), and intentionally shares
part of its radio resource (e.g., spectrum or time-slot) with the SUs to
obtain some remuneration, e.g., economic reward [2] [3] [4] [11] and
improved transmission performance [5] [6] [7] [8] [9] [10]. At present,
there are several related works investigating the dynamic exclusive usage
model. These works can be roughly categorized as two groups, i.e., the
group based on the interference-based model and the group based on the
interference-free model.

∙ In the interference-based model, the PU allows the SUs to share
its resource block in a concurrent way, which results in mutual
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interference between the PU and SUs [11] [12] [13] [14] [15]
[16]. Thus, the PU charges the SUs for this interference and the
SUs pays the corresponding interference cost. For example, [11]
[12] investigated the uplink interference-based pricing model for
a single PU system. [13] proposed a noncooperative game where
the PU set its interference-cap and each SU determined its power
demand in response to the PU. [14] proposed a joint power and
channel allocation scheme based on distributed interference price.
[15] adopted the auction approach to analyze how SUs bided for
their received signal to noise ratio and transmit-power in spectrum
sharing. Our previous work [16] adopted the Stackelberg game to
analyze the PU’s joint power control and pricing in its spectrum
sharing with SUs with the objective to maximize the PU’s benefit.

∙ In the interference-free model, the PU allows the SUs to share its
resource block in an orthogonal way, which thus eliminates the
interference between the PU and SUs [2] [3] [4] [5] [6] [7] [8].
In this case, the interaction between the PU and SUs is more like a
trading process, i.e., the PU actively charges the SUs’ usage of its
licensed resources for economic benefit or improved transmission
performance. And as a response, each SU trades with the PU
by paying an appropriate cost such that it obtains transmission
opportunities. For instance, [2] investigated the pricing competition
among multiple PUs to charge SUs for spectrum sharing. [3] further
investigated the PUs’ pricing competition under different market
models. [4] considered the PU’s spectrum license as an investment
and analyzed the impact of CR activity on the PU’s economic
welfare. [5] [6] [7] modeled the SUs as cooperative relays for the
PUs and optimized the transmission performance of PUs (or joint
PUs and SUs) via sharing the PUs’ time-slot. [8] modeled the PUs as
auctioneers who sold the idle spectrum bands for additional revenue
and modeled SUs as bidders who bought the spectrum from PUs.

Despite the difference between the interference-based and interference-
free models, the PU’s charge and the SUs’ payments are vital to the PU-
SUs interactions. Via the charge, i) the PU is motivated to share its own
under-utilized licensed resource with SUs such that it obtains additional
benefit, and ii) each SU is motivated to wisely use the PU’s resource
and avoids an aggressive usage. However, most of the aforementioned
works assumed that the SUs purely followed the charge of PU, who was
dominant in the charging process. Seldom of works considers the SU’s
freedom in choosing its preferred payment. This might result in a unfair
distribution of social benefit between the PU and SUs. Our work aims
at tackling with this issue.

Specifically, our work focuses on the interference-free sharing model,
where the PU pro-actively shares its time-slot with SUs. In our model,
the PU jointly determines how to share its transmit-slot with SUs and
how to charge them accordingly. Meanwhile, the SUs jointly determine
how to utilize the shared time-slot from the PU and their preferred
payments. Apparently, the PU and all SUs expect to positively benefit
from cooperation, i.e., (i) the PU has to trade off between its charging
from SUs and its additional energy cost due to a shorten transmit-time,
and (ii) each SU has to trade off between its utility from accessing the
PU’s slot and its consequent payment. Thus, we model their interactions
as a Nash bargaining problem. The Nash bargaining model is a widely
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used tool to capture the strategic interaction among users, who have
conflicting interests and bargain over sharing the limited resources to
benefit themselves with a special emphasis on fairness [17]. The Nash
bargaining has been widely used in resource allocation problems with
guaranteed fairness for wireless network [19] and recently for CRNs
[20] [21] [22] [23] [24]. Specifically, [20] investigated the distributed
power allocation of SUs under multi-channel opportunistic spectrum
access networks. [21] investigated the distributed power allocation of
SUs subject to coupled interference constraints to PUs. [22] investigated
channel selection for CRNs with QoS-awareness. [23] investigated the
joint channel and power allocation for OFDMA CRNs. Its objective
is to maximize the overall throughput of all SUs with the protection
of PU’s transmission. However, these works only considered resource
sharing among SUs without the participation of PUs. Recent work [24]
investigated the cooperative relay from CR for PUs and modeled the
channel sharing between CR and PUs as a bargaining problem. In
comparison, our work especially investigates both the cooperative time-
slot sharing between the PU and SUs and their corresponding charge and
payments. Our contributions are summarized as follows.

∙ We model the cooperative spectrum sharing between the PU and
SUs as a Nash bargaining process in which the PU jointly deter-
mines i) how to share its transmit-slot with SUs and ii) how to
charge SUs accordingly, and the SUs jointly determine i) how to
utilize the shared time-sot from the PU and ii) how to set their
preferred payments. The PU and each SU expect benefit from
their cooperation beyond their own targets. Numerical results show
our bargaining model guarantees that the PU and each SU can
positively benefit from the cooperation beyond its own targets and
more importantly, the net-benefit from cooperation is distributed in
a fairness way.

∙ We explore the connection between the bargaining problem and the
associated social optimization problem and identify that the set of
optimal resource allocations for the bargaining problem suffice to
yield the maximum social benefit for the associated social optimiza-
tion problem. Based on this connection, we propose an efficient
two-step procedure to solve the originally nonconvex bargaining
problem. Furthermore, we propose two efficient algorithms, each
with guaranteed convergence, to solve these two steps, respectively.
Numerical results show a great advantage in computational effi-
ciency of our procedure in comparison with using commercial solver
to solve the original bargaining problem.

The rest of this work is organized as follows. Section 2 describes our
system model and the bargaining problem formulation. Section 3 analyzes
the connection between the bargaining problem and its associated social
optimization, based on which we propose a two-step procedure to solve
the bargaining problem. Then, in Section 4 and Section 5, we propose
efficient algorithms to solve Step 1 and Step 2 of the two-step procedure,
respectively. We present the numerical results in Section 6 and conclude
this work in Section 7.

2 SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we first describe the system model considered and then
present the problem formulation as a Nash bargaining problem.

Specifically, in this paper, we consider an illustrative model as shown
in the Subfigure (a) of Fig. 1, where one PU-pair (including a PUTx and
a PURx) with licensed spectrum pro-actively shares its time-slot with an
infrastructure-based secondary network serving a group of SUs (denoted
by set 𝒮 = {1, 2, ..., 𝑆}). The length of PU’s time-slot is denoted by
𝑇 . The channel power gains for the PU’s and SUs’ communications
fluctuate. Under a mild condition, we assume that there are total 𝐾
possibly different channel states associated with the whole system, with
the 𝑘-th state denoted by the profile {𝑔𝑘0 , 𝑔𝑘1 , 𝑔𝑘2 , ..., 𝑔𝑘𝑆}. Specifically, 𝑔𝑘0
denotes the channel gain between the PU transmitter (PUTx) to the PU
receiver (PURx) under channel state 𝑘, and 𝑔𝑘𝑠 , ∀𝑠 = 1, 2, ..., 𝑆 denotes
the channel power gain from the CR base-station to SU 𝑠 under channel

state 𝑘. We use 𝜋𝑘 to denote the probability for channel state 𝑘 to happen.
Notice that the similar channel model also appeared in [25].SU1SU2
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Fig. 1: Subfigure (a) system model: one PU-pair (including a PUTx and
a PURx) coexstis with an infrastructure-based secondary system serving a
group of SUs 𝒮 = {1, 2, ..., 𝑆}; Subfigure (b) time-slot sharing: the PU shares
its time-slot with SUs under each channel state 𝑘. “Tx” denotes “transmit”.

Under each channel state, the PU shares its time-slot with all the SUs,
as shown in the Subfigure (b) of Fig. 1. Specifically, under channel state
𝑘, the PU only uses part of its slot (denoted by the duration 𝑥𝑘) for its
own data transmission. The rest part, i.e. 𝑇 −𝑥𝑘, is allowed to be shared
by all SUs. Let 𝑡𝑘𝑠 denote the duration shared by SU 𝑠 under channel
state 𝑘. In addition, the power allocation for SU 𝑠 under channel state 𝑘
is denoted by 𝑝𝑘𝑠 . Hence, the SU 𝑠’s utility is measured by its average
throughput (under all the channel states) as follows

𝑈𝑠({𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘) =
∑
𝑘

(
𝑡𝑘𝑠 log2(1 + 𝜉

𝑝𝑘𝑠𝑔
𝑘
𝑠

𝑛
)𝜋𝑘), (1)

where 𝑛 denotes the power of the background noise. In this work, we
measure the SU’s utility by its achievable throughput. Meanwhile, the
SU 𝑠 has to pay the PU for its usage of time slot. Let 𝑚𝑠 denote the
payment of SU 𝑠. Hence, the net-reward of SU 𝑠 is measured by

𝑅𝑠({𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘,𝑚𝑠) = 𝑈𝑠({𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘)−𝑚𝑠,∀𝑠
In this work, we focus on the downlink transmission of CR network,
and the corresponding resource allocation constraints, e.g. the limit on
the total energy allocations for all SUs and the limit on their share of
time-slot, will be included in our following problem formulation.

Suppose that the PU has its target traffic volume 𝑉 to be delivered
within its time-slot (this corresponds to running applications which have
a fixed payload to be delivered within an interval, e.g., Voice over IP
(VoIP)). Knowing the PU’s transmit-time {𝑥𝑘}∀𝑘 under all states, the
PU’s average energy consumption is given by

𝐸0({𝑥𝑘}∀𝑘) =
∑
𝑘

(
𝑥𝑘(2

𝑉
𝑥𝑘 − 1)

𝑛

𝑔𝑘0
𝜋𝑘). (2)

It can be verified that the PU’s energy consumption 𝐸0({𝑥𝑘}∀𝑘) is
decreasing in {𝑥𝑘} (the proof is given in the Appendix I), meaning
the shorter the PU’s transmit-time, the higher its energy consumption to
finish its target traffic volume. In other words, sharing the time-slot with
SUs incurs additional PU’s energy consumption. Specifically, the PU’s
additional energy consumption is given by

𝐿0({𝑥𝑘}∀𝑘) = 𝐸0({𝑥𝑘}∀𝑘)− 𝐸0

= 𝐸0({𝑥𝑘}∀𝑘)−
∑
𝑘

(
𝑇 (2

𝑉
𝑇 − 1)

𝑛

𝑔𝑘0
𝜋𝑘), (3)

where 𝐸0 = 𝐸0({𝑇}∀𝑘) denotes the PU’s original energy consumption
when it does not allow any SU to share its slot, i.e., its duration 𝑥𝑘 =
𝑇, ∀𝑘. To compensate for this additional energy consumption, the PU
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charges the SUs for their uses of time-slot. Let 𝑣 denote the PU’s charge.
Then, the PU’s net-reward is given by

𝑅0 = 𝑣 − 𝛼𝐿0({𝑥𝑘}∀𝑘), (4)

where 𝛼 denotes the PU’s marginal cost for its energy consumption.
As stated before, the PU shares its time-slot with the SUs for benefit.

Meanwhile, the SUs also aim at benefiting from this cooperation. Thus,
we formulate this collaboration problem as a Nash Bargaining problem
as follows1:

(NBP): max
(
𝑣 − 𝛼𝐿0({𝑥𝑘}∀𝑘)− 𝜙0

)𝑤0 ×∏
𝑠∈𝒮

(
𝑈𝑠({𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘)−𝑚𝑠 − 𝜙𝑠

)𝑤𝑠 (5)

subject to: 𝑥𝑘 +
∑
𝑠∈𝒮

𝑡𝑘𝑠 ≤ 𝑇,∀𝑘 (6)

𝑇min ≤ 𝑥𝑘 ≤ 𝑇max, ∀𝑘 and 0 ≤ 𝑡𝑘𝑠 ≤ 𝑇, ∀𝑠, 𝑘 (7)∑
𝑘

(∑
𝑠∈𝒮

𝑝𝑘𝑠 𝑡
𝑘
𝑠

)
𝜋𝑘 ≤ 𝐸ave (8)

0 ≤ 𝑝𝑘𝑠 , ∀𝑠, 𝑘 (9)

𝑣 ≤
∑
𝑠∈𝒮

𝑚𝑠 (10)

decision variables: {𝑥𝑘}∀𝑘, 𝑣, {𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘,𝑠, {𝑚𝑠}∀𝑠.
In the objective function, 𝜙0 (or 𝜙𝑠) denotes the target-reward which the
PU (or SU 𝑠) expects to at least achieve from the cooperation. Without
achieving this target, the PU (or SU 𝑠) will not have any interest to
keep cooperation. Meanwhile, 𝑤0 (or 𝑤𝑠) denotes the bargaining power
of PU (or SU 𝑠). These bargaining powers and target-rewards influence
how the PU and the SUs share the benefit from cooperation, which we
will illustrate in Section 5. According to the modeling of asymmetric
Nash bargaining [17] [18], these parameters can capture each participant’s
time-preference, attitude toward risk, and the best alternative etc. In this
work, we assume that the bargaining power and target-reward are private
yet fixed information for the PU (or each SU) without any need to reveal
to others. Constraint (6) limits the total share of slot between the PU and
SUs cannot exceed 𝑇 . In particular, 𝑇min denotes the minimum transmit-
time the PU has to use, e.g. for its signallings/beacons transmission under
all channel states, thus protecting the PU. Meanwhile, 𝑇max denotes the
maximum transmit-time the PU will use such that the CR network at
least gets the rest 𝑇 −𝑇max for SUs’ transmissions. Constraint (8) limits
the total downlink energy allocation of CR network below its average
budget 𝐸ave. In this work, we focus on the energy-limited system in
which the total downlink energy allocation for all SUs is constrained. This
mainly stems from recent concern on excessive energy consumption of
wireless networks and requires the energy-efficient designs [27] [28] [29],
including those for CRNs [30] and for wireless sensor networks [31].
Nevertheless, our following result is ready to be extent to incorporate
the power-limit constraints with modifications (in the following of this
work, we will derive the sufficient condition to guarantee the CR network
is energy-limit). Finally, constraint (10) represents that the PU’s charge
cannot exceed the total payment from all SUs, which is intuitive.

In problem (NBP), there are two groups of decision variables, namely,
i) the decision variables regarding the resource allocations, which include
the PU’s transmit-time {𝑥𝑘} for all channel states, the SUs transmit-time
{𝑡𝑘𝑠} for all channel states and their corresponding power allocations
{𝑝𝑘𝑠}; and ii) the decision variables regarding the PU’s charge 𝑣, and
the corresponding SUs’ payments {𝑚𝑠}. In the rest of this work, we
use {𝑥𝑘∗}∀𝑘, {𝑡𝑘∗𝑠 }∀𝑘,𝑠, {𝑝𝑘∗𝑠 }∀𝑘,𝑠, 𝑣∗ and {𝑚∗

𝑠}∀𝑠 to denote the
set of optimal solutions for problem (NBP). The bargaining problem
represents that the PU and all SUs collaborate to maximize the objective

1. Our formulation essentially mimics the Nash bargaining problem in which
two players bargain over the share of a limited resource according to a number
of axioms. The equilibrium of Nash bargaining turns out to be the argument that
maximizes the Nash product (𝑢1 − 𝑢0

1)(𝑢2 − 𝑢0
2), where 𝑢𝑖 denotes the player

𝑖’s utility (or preference) level as a function its share of resource, and 𝑢0
𝑖 denotes

the threaten-point for the breakdown of bargaining [17] [18].

function (5) from which the PU and all SUs can simultaneously achieve
satisfactory net-rewards beyond their targets and also reach an agreement
on the charge and payments. A major difficulty in solving the bargaining
problem (NBP) stems from its nonconvexity, which means that there is
no general algorithm to solve it efficiently. In the next Section 3, we first
identify a property which connects the bargaining problem (NBP) and
its associated social optimization problem. Based on this property, we
propose a computationally efficient two-step procedure to solve it2.

Interestingly, our proposed model in this paper can be related to
the emerging paradigm of Mobile Virtual Network Operators (MVNOs)
[32]. The MVNO, which can be considered as CR base station in our
model, rents radio resource (i.e. the time-slot) from the PU and pays the
corresponding payments to the PU. Then, the MVNO allocates the time-
slots to different mobile-terminals (i.e., the SUs in our paper) associated
with it. Our bargaining formulation essentially determines (i) how the PU
appropriately shares its time-slot with MVNO and charges the MVNO
accordingly, and (ii) how the MVNO appropriately allocates the time-
slots to different mobile-terminals and determines their corresponding
payments. The objective is to guarantee that both the PU and each
mobile terminal associated with MVNO will benefit from this cooperative
resource sharing.

3 BARGAINING PROBLEM AND A TWO-STEP PROCEDURE

In this section, we explore the connection between the bargaining
problem and its associated social optimization problem. Based on the
connection explored, we propose a two-step procedure to solve the
bargaining problem.

It is apparent that the PU’s charge should balance the SUs’ total
payment exactly at the equilibrium of the bargaining problem (NBP).
Thus, the bargaining problem (NBP) can be associated with a Social
Optimization problem (SOP) as follows:

(SOP) 𝑉 ∗ = max
∑
𝑠∈𝒮

𝑈𝑠({𝑡𝑘𝑠 , 𝑝𝑘𝑠}𝑘)− 𝛼𝐿0({𝑥𝑘}∀𝑘) (11)

subject to: constraints (6)(7)(8) and (9)

decision variables: {𝑥𝑘}∀𝑘, {𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘,𝑠.
The above problem essentially cancels out the PU’s charge and the
aggregate payment from all SUs, and then aims at maximizing the total
reward from the cooperation between PU and SUs. Let 𝑉 ∗ denote the
optimal (or maximum) value for the social problem (SOP). We first have
the following definition.

Definition 1: The bargaining problem (NBP) is bargaining feasible
only if 𝑉 ∗ > 𝜙0 +

∑
𝑠 𝜙𝑠.

The above definition means that cooperation between the PU and SUs
will yield a social benefit greater than all participants’ targets, thus it is
possible for the PU (or each SU) to positively benefit from cooperation
beyond its target. Further, we find the following result to connect the
bargaining problem (NBP) and the social optimization problem (SOP).

Proposition 1: Suppose that problem (NBP) is bargaining feasible.
Then, the optimal resource allocations for the bargaining problem (NBP)
(including the optimal PU’s transmit-time, the SUs’ transmit-time and
the SUs’ power allocations) also suffice to be optimal with respect to the
social problem (SOP), i.e., achieving 𝑉 ∗.

Proof: The detailed proof is given in Appendix II. □
Proposition 1 can be interpreted as follows. The bargaining problem

(NBP) are two folded, namely i) the PU and SUs bargain about how
to share the radio resources cooperatively; and ii) they bargain about
how to share the benefit from their cooperative resource sharing via

2. In formulation (NBP), we assume that the PU is always active in sharing
its time-slot with SUs under all the possible channel states, meaning that the
PU exploits every opportunity to maximize its net-reward. This corresponds to
the performance upper-bound that the PU (and SUs) will achieve in cooperative
resource sharing. Nevertheless, in practice, the PU could be inactive in some
time instances. Taking these exceptions into considerations, the PU should lower
its target-reward to some extents such that it still finds profitable from resource
sharing with SUs.
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appropriate charging and payments such that each of them achieves
desired benefit. Therefore, to maximize the PU’s (or each SU’s) benefit
from the cooperation, an intuitive way is to first maximize their total
benefit, i.e. the social function (11). Following by Proposition 1, we
have a corollary as follows.

Corollary 1: Suppose that problem (NBP) is bargaining feasible,
Then, the optimal resource allocations for problem (NBP) is independent
on the set of targets (𝜙0, {𝜙𝑠}) and the set of bargaining powers
(𝑤0, {𝑤𝑠}).

The social problem (SOP) is still hard to solve directly due to its
nonconvex structure (or more specifically, the nonconvexity of the SU’s
utility 𝑈𝑠({𝑡𝑘𝑠 , 𝑝𝑘𝑠}𝑘)). Nevertheless, it can be identified that (SOP) can
be equivalently transformed into the following problem (SOP-E) via
the change of variable 𝜃𝑘𝑠 = 𝑡𝑘𝑠𝑝

𝑘
𝑠 , which denotes the allocated energy

consumption of SU 𝑠 under channel state 𝑘.

(SOP-E) max
∑
𝑘

(∑
𝑠∈𝒮

𝑡𝑘𝑠 log2(1 +
𝜃𝑘𝑠
𝑡𝑘𝑠

𝑔𝑘𝑠
𝑛
)
)
𝜋𝑘 − 𝛼𝐿0({𝑥𝑘}∀𝑘) (12)

subject to:
∑
𝑘

(∑
𝑠∈𝒮

𝜃𝑘𝑠
)
𝜋𝑘 ≤ 𝐸 (13)

0 ≤ 𝜃𝑘𝑠 ,∀𝑠, 𝑘 (14)

and constraints (6)(7)

decision variables: {𝑥𝑘}∀𝑘, {𝑡𝑘𝑠 , 𝜃𝑘𝑠}∀𝑠,𝑘. (15)

Lemma 1: The above problem (SOP-E) is a strictly convex optimiza-
tion problem, and it admits a unique set of optimal resource allocation
solutions.

Proof: The proof is given in the Appendix III. □
Based on Lemma 1 and the equivalence between problems (SOP) and

(SOP-E), we know that the social problem (SOP) will also admit a unique
set of optimal solutions (specifically, the corresponding power allocation
of SU 𝑠 under channel state 𝑘 is given by 𝑝𝑘𝑠 =

𝜃𝑘𝑠
𝑡𝑘𝑠

as long as 𝑡𝑘𝑠 > 0).
Then, using Proposition 1, we can get the following idea to solve the
originally nonconvex problem (NBP). Step 1: first, we solve problem
(SOP-E) and determine the corresponding optimal resource allocations;
Step 2: then, by putting these optimal allocations into problem (NBP),
we determine the optimal PU’s charge and the SUs’ payments. Based
on this idea, we propose the following two-step procedure to solve the
original bargaining problem (NBP). Notice that Proposition 1 illustrates
that if problem (NBP) is bargaining feasible, then it will have the same
set of optimal resource allocations as problem (SOP). Also, based on
Lemma 1, this set will be unique. Hence, in the rest, we use the same
set of symbols (i.e. {𝑥𝑘∗}∀𝑘, {𝑡𝑘∗𝑠 }∀𝑘,𝑠 and {𝑝𝑘∗𝑠 }∀𝑘,𝑠) to denote them
for both problems without causing any ambiguity.

Two-step procedure: solve the Problem (NBP)
1: Step 1: Solve problem (SOP-E) and obtain the optimal PU’s transmit-

time {𝑥𝑘∗}∀𝑘, each SU 𝑠’s optimal transmit-time {𝑡𝑘∗𝑠 }∀𝑘 and its
transmit-power {𝑝𝑘∗𝑠 }∀𝑘 (also its energy allocation {𝜃𝑘∗𝑠 }∀𝑘) for the
social problem.

2: Step 2: Using the optimal resource allocations obtained from Step 1,
solve the bargaining problem (NBP) to determine the PU’s optimal
charge 𝑣∗ and all SUs’ optimal payments {𝑚∗

𝑠}∀𝑠.

Based on the above two-step procedure, we first propose Algorithm
(A1) to tackle with Step 1 in Section 4. Then, we propose Algorithm
(A2) to tackle with Step 2 in Section 5.

4 PROPOSED ALGORITHM (A1) TO SOLVE STEP 1
In this section, we solve the social problem (SOP-E) (or equivalently
problem (SOP)) and tackle with Step 1 of the two-step procedure
proposed. This section is organized as follows. First, in Subsection
4.1, we identify the decomposable structure of problem (SOP-E) and
use it to decompose (SOP-E) into a top-problem (SOP-E-Top) and a
parameterized sub-problem (SOP-E-Sub). Then, in Subsection 4.2, we

analyze the parameterized sub-problem (SOP-E-Sub) and determine the
optimal resource allocation policy for SUs. Using this optimal resource
allocation policy, in Subsection 4.3, we analyze the top-problem (SOP-E-
Top) and propose Algorithm (A1) to solve it, thus solving the originally
social problem (SOP).

4.1 Decomposition of Problem (SOP-E)
A property of problem (SOP-E) is that it has a decomposable structure
[33]. Suppose that the PU’s transmit-time {𝑥𝑘}∀𝑘 under all states are
given. Then, we first solve the following subproblem parameterized by
{𝑥𝑘}∀𝑘,

(SOP-E-Sub): 𝐹 ({𝑥𝑘}∀𝑘) = max
∑
𝑘

(∑
𝑠∈𝒮

𝑡𝑘𝑠 log2(1 +
𝜃𝑘𝑠
𝑡𝑘𝑠

𝑔𝑘𝑠
𝑛
)
)
𝜋𝑘 (16)

subject to:
∑
𝑠∈𝒮

𝑡𝑘𝑠 ≤ 𝑇 − 𝑥𝑘,∀𝑘 (17)

0 ≤ 𝑡𝑘𝑠 ≤ 𝑇 − 𝑥𝑘,∀𝑠, 𝑘 (18)∑
𝑘

(∑
𝑠∈𝒮

𝜃𝑘𝑠
)
𝜋𝑘 ≤ 𝐸ave (19)

0 ≤ 𝜃𝑘𝑠 ,∀𝑠, 𝑘 (20)

decision variables: {𝑡𝑘𝑠}∀𝑘,𝑠, {𝜃𝑘𝑠}∀𝑘,𝑠.
Notice that function 𝐹 ({𝑥𝑘}∀𝑘) denotes the optimal value for the above
parameterized subproblem. Then, suppose that we know 𝐹 ({𝑥𝑘}∀𝑘)
analytically, we continue to solve a top-problem as follows:

(SOP-E-Top): 𝑉 ∗ = max
{𝑥𝑘}∀𝑘

𝐹 ({𝑥𝑘}∀𝑘)−

𝛼
∑
𝑘

(
𝑥𝑘(2

𝑉
𝑥𝑘 − 1)

𝑛

𝑔𝑘0
𝜋𝑘)+ 𝛼

∑
𝑘

(
𝑇 (2

𝑉
𝑇 − 1)

𝑛

𝑔𝑘0
𝜋𝑘) (21)

subject to: 𝑇min ≤ 𝑥𝑘 ≤ 𝑇max,∀𝑘.
We emphasize that top-problem and subproblem work in the way of

backward induction, i.e., solving the subproblem first and then using the
𝐹 ({𝑥𝑘}∀𝑘) from the subproblem to solve the top one. Based on this, in
the next, we first solve the sub-problems analytically in Subsection 4.2.
Then, we solve the top-problem in Subsection 4.3.

4.2 Sub-Problem (SOP-E-Sub) and Best-SU Allocation Policy
In this subsection, we aim at solving the sub-problem (SOP-E-Sub) to
quantify 𝐹 (.) and to determine optimal SUs’ resource allocations under a
given set of PU’s transmit-time {𝑥𝑘}∀𝑘. It is apparent that, given {𝑥𝑘}∀𝑘,
sub-problem (SOP-E-Sub) is convex, and thus the Karush-Kuhn-Tucker
(KKT) conditions are applicable [37]. Notice that the SUs will gain more
via exploiting the available PU’s slot as much as possible, which thus
implies that the constraint (17) should always be binding to achieve the
optimum. Specifically, by incorporating constraint (17) into the objective
function, its Lagrangian function is given by:

𝐿 =
∑
𝑘

(∑
𝑠∈𝒮

𝑡𝑘𝑠 log2(1 +
𝜃𝑘𝑠
𝑡𝑘𝑠

𝑔𝑘𝑠
𝑛
)
)
𝜋𝑘 +

∑
𝑘

𝜆𝑘(𝑇 − 𝑥𝑘 −
∑
𝑠∈𝒮

𝑡𝑘𝑠
)
,

where 𝜆𝑘 denotes the dual variable under channel state 𝑘. After deriving
the first order derivative with respective to 𝑡𝑘𝑠 , we obtain

log2
(
1 +

𝜃𝑘𝑠
𝑡𝑘𝑠

𝑔𝑘𝑠
𝑛

)− 1

ln 2

1

1 +
𝑡𝑘𝑠
𝜃𝑘𝑠

𝑛
𝑔𝑘𝑠

=
𝜆𝑘

𝜋𝑘
,∀𝑠, 𝑘. (22)

The left hand side of (22) is monotonic in 𝜃𝑘𝑠 𝑔𝑘𝑠
𝑡𝑘𝑠

, and the right hand side
of (22) is common for all SUs under each channel state 𝑘. This result
indicates that under each channel state 𝑘, all the SUs’ transmit-time and
energy allocations should meet the following condition

𝜃𝑘𝑠
𝑡𝑘𝑠

𝑔𝑘𝑠
𝑛

=
1

𝛽𝑘
,∀𝑠 (23)

if SU 𝑠 has a nonzero transmit-time (or energy allocation). Further using
the condition that

∑
𝑠∈𝒮 𝑡𝑘𝑠 = 𝑇 − 𝑥𝑘, we can obtain the common
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factor 𝛽𝑘 under channel state 𝑘 as 𝛽𝑘 = 𝑛 𝑇−𝑥𝑘∑
𝑠∈𝒮 𝜃𝑘𝑠 𝑔𝑘𝑠

. As a result,
we obtain that for each channel state 𝑘, the transmit-time of SU 𝑠 is
𝑡𝑘𝑠 =

𝜃𝑘𝑠 𝑔𝑘𝑠∑
𝑠∈𝒮 𝜃𝑘𝑠 𝑔𝑘𝑠

(𝑇 − 𝑥𝑘). Thus, all SUs proportionally share the rest
of the PU’s time-slot based on their energy allocations. Notice that this
result can also capture the case when SU 𝑠’s energy allocation is zero.
Specifically, suppose that some SU’s optimal energy allocation 𝜃𝑘𝑠 = 0.
Then, its optimal transmit-time 𝑡𝑘𝑠 = 0. Putting the above result into the
objective function of (SOP-E-Sub), we thus get the following problem
(which only depends on the SUs’ energy allocations):

max
{𝜃𝑘𝑠 }

∑
𝑘

(
(𝑇 − 𝑥𝑘) log2(1 +

∑
𝑠∈𝒮 𝜃𝑘𝑠 𝑔

𝑘
𝑠

(𝑇 − 𝑥𝑘)𝑛
)
)
𝜋𝑘

subject to:
∑
𝑘

(∑
𝑠∈𝒮

𝜃𝑘𝑠
)
𝜋𝑘 ≤ 𝐸ave

decision variables: {𝜃𝑘𝑠}∀𝑘,𝑠
Remark 1: The above energy allocation problem can be separated into

each individual channel state, and it implies the optimal policy to allocate
the energy of CR network under each channel state. Suppose that under
each state 𝑘, the CR network’s total energy allocation is upper bounded
by 𝑢𝑘, i.e.,

∑
𝑠∈𝒮 𝜃𝑘𝑠 ≤ 𝑢𝑘. Then, to maximize the objective function, it

is apparent for the CR network to allocate the entire 𝑢𝑘 to the SU which
enjoys the greatest channel gain, i.e. 𝑠𝑘∗ = argmax𝑠∈𝒮{𝑔𝑘𝑠 }. We thus
call it as the best-SU allocation policy.

Using this best-SU allocation policy, the above problem reduces to
the following equivalent one (i.e., with {𝜃𝑘𝑠}∀𝑠 replaced by a single 𝑢𝑘

under each channel state)

max
{𝑢𝑘}∀𝑘

∑
𝑘

(
(𝑇 − 𝑥𝑘) log2(1 +

𝑢𝑘 max𝑠∈𝒮{𝑔𝑘𝑠 }
(𝑇 − 𝑥𝑘)𝑛

)
)
𝜋𝑘

subject to:
∑
𝑘

𝑢𝑘𝜋𝑘 ≤ 𝐸ave

decision variables: 0 ≤ 𝑢𝑘,∀𝑘
The above problem represents that how the CR network allocates its
downlink transmit-energy under different channel states. Apparently, the
energy budget constraint should be binding to reach the optimum. Based
on this property, we get the following results regarding the optimal energy
allocation. For easy presentation, we use ℎ𝑘 = max𝑠∈𝒮{𝑔𝑘𝑠 } to denote
the greatest channel gain of all SUs under channel state 𝑘.

Proposition 2: Suppose that the CR network is energy-limited. Then,
the optimal energy allocation for CR network under each channel state
𝑘 can be compactly given by:

𝑢𝑘∗ = max
{( 1∑

𝑘 𝜋
𝑘(𝑇 − 𝑥𝑘)

{
𝐸ave +∑

𝑘

(𝜋𝑘 𝑛

ℎ𝑘
(𝑇 − 𝑥𝑘))

}− 𝑛

ℎ𝑘

)
(𝑇 − 𝑥𝑘), 0

}
,∀𝑘 (24)

Proof: Please refer to Appendix IV. The above result in fact matches
the intuition well. Specifically, under channel state 𝑘, the optimal energy
allocation 𝑢𝑘∗ decreases in the PU’s transmit-time 𝑥𝑘, and it increases
in the best-SU’s channel gain ℎ𝑘. Noticeably, this result is similar to
the water-filling scheme to maximize the ergodic channel capacity under
fading channel. □

From the optimal energy allocation (24), the CR’s maximum transmit-
power 𝑃max should meet:

1

(𝑇 − 𝑇max)

(
𝐸ave + (𝑇 − 𝑇max)

∑
𝑘

(𝜋𝑘 𝑛

ℎ𝑘
)
)− 𝑛

max𝑘{ℎ𝑘}
≤ 𝑃max.

This maximum CR’s transmit-power depends on its minimum transmit-
time 𝑇 − 𝑇max. Notice that in the downlink transmission, the CR base-
station usually affords to a relatively large transmit-power 𝑃max and has
the freedom to adjust it. While, energy consumption arises more concerns
[27] [28] [29] and is our focus in this paper.

Using this best-SU allocation policy, under each channel state 𝑘, we
can summarize the optimal resource allocations for all SUs as follows:

(Best-SU Allocation Policy):

𝜃𝑘∗𝑠 = 𝑢𝑘∗, and 𝑡𝑘∗𝑠 = 𝑇 − 𝑥𝑘, when 𝑠 = argmax
𝑠∈𝒮

{𝑔𝑘𝑠 }

As indicated by the best-SU selection policy, under each channel state 𝑘,
the best SU will occupy the entire transmit-time left by the PU. Although
this policy seems to be unfair, our bargaining problem (NBP) guarantees
that all SUs will benefit from sharing the PU’s time-slot cooperatively
and more importantly, each of them will receive a fair distribution of the
benefit beyond its target. The details will be illustrated in Section 5.

4.3 Top-Problem (SOP-E-Top) and Proposed Algorithm (A1)

In this subsection, we focus on solving the top-problem (SOP-E-Top) and
propose Algorithm (A1) to determine the PU’s optimal transmit-time.

(1) Optimality condition for Top-Problem (SOP-E-Top) and Rationale
of Algorithm (A1)

Knowing the above result (24), we can quantify the optimal value
of the sub-problem (SOP-E-Sub), i.e, the parameterized function
𝐹 ({𝑥𝑘}∀𝑘), as follows3:

𝐹 ({𝑥𝑘}∀𝑘) =
∑
𝑘

(
𝜋𝑘(𝑇 − 𝑥𝑘) log2(

ℎ𝑘

𝑛
)
)
+

log2
( 1∑

𝑘 𝜋
𝑘(𝑇 − 𝑥𝑘)

(𝐸ave +
∑
𝑘

𝜋𝑘 𝑛

ℎ𝑘
(𝑇 − 𝑥𝑘))

)∑
𝑘

𝜋𝑘(𝑇 − 𝑥𝑘)

Using the above 𝐹 ({𝑥𝑘}∀𝑘), we continue to solve the top-problem (SOP-
E-Top), which can be given by:

(SOP-E-Top’): 𝑉 ∗ = max
{𝑥𝑘}∀𝑘

∑
𝑘

(
𝜋𝑘(𝑇 − 𝑥𝑘) log2(

ℎ𝑘

𝑛
)
)
+

log2
( 1∑

𝑘 𝜋
𝑘(𝑇 − 𝑥𝑘)

(𝐸ave +
∑
𝑘

𝜋𝑘 𝑛

ℎ𝑘
(𝑇 − 𝑥𝑘))

)∑
𝑘

𝜋𝑘(𝑇 − 𝑥𝑘)

−𝛼
∑
𝑘

(
𝑥𝑘(2

𝑉
𝑥𝑘 − 1)

𝑛

𝑔𝑘0
𝜋𝑘)+ 𝛼

∑
𝑘

(
𝑇 (2

𝑉
𝑇 − 1)

𝑛

𝑔𝑘0
𝜋𝑘) (25)

subject to: 𝑇min ≤ 𝑥𝑘 ≤ 𝑇max, ∀𝑘.
To solve problem (SOP-E-Top’), we first analyze its property below.
Lemma 2: The above problem (SOP-E-Top’) is a strictly convex

optimization problem.
Proof: Please refer to Appendix V. □
The convexity enables us to use the KKT condition to quantify the

optimal PU’s transmit-time as follows:

1

ln 2

(
1 + ln

( 𝑎

𝐸ave + 𝑏

𝑛

ℎ𝑘

)− 𝑎

𝐸ave + 𝑏

𝑛

ℎ𝑘

)
=

𝛼
(
2

𝑉
𝑥𝑘 (1− 𝑉

𝑥𝑘
ln 2)− 1

) 𝑛
𝑔𝑘0

,∀𝑘 (26)

with the auxiliary variables 𝑎 =
∑

𝑘

(
𝜋𝑘(𝑇 − 𝑥𝑘)

)
and 𝑏 =∑

𝑘

(
𝜋𝑘 𝑛

ℎ𝑘 (𝑇 − 𝑥𝑘)
)
.

Although the optimality condition (26) involves a set of complicated
nonlinear equations (which couple the PU’s transmit-time under all states
together), we propose Algorithm (A1) to determine the optimal PU’s
transmit-time {𝑥𝑘∗}∀𝑘. The rationale of (A1) is as follows. Specifically,
via introducing the auxiliary variable Λ = 𝑎

𝐸ave+𝑏
, we can simplify

condition (26) as follows:

1

ln 2

(
1 + ln(

𝑛

ℎ𝑘
Λ)− 𝑛

ℎ𝑘
Λ
)
= 𝛼

(
2

𝑉
𝑥𝑘 (1− 𝑉

𝑥𝑘
ln 2)− 1

) 𝑛
𝑔𝑘0

, ∀𝑘 (27)

3. Recall that ℎ𝑘 denotes the greatest channel power gain among all SUs under
each channel state 𝑘, and the power of background noise is usually small, thus
the value of 𝑛

ℎ𝑘 is weak enough such that a nonzero energy allocation always
appear on each channel state.
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Thus, reaching the optimality condition (26) is equivalent to simultane-
ously reaching both condition (27) and the condition 𝜑 = 𝑎−Λ(𝐸ave +
𝑏) = 0. Algorithm (A1) essentially aims at doing so (i.e., meeting both
conditions) via finite rounds of iterations and then determines the optimal
PU’s transmit-time {𝑥𝑘∗}∀𝑘.

(2) Detailed Illustration of Algorithm (A1) and its Convergence
The details of Algorithm (A1) are presented as follows.

Algorithm (A1): determine the set of PU’s optimal transmit-time {𝑥𝑘∗}∀𝑘

1: Set the upper bound for Λ as Λ = 𝑇−𝑇min

(𝑇−𝑇min)
∑

𝑘 𝜋𝑘 𝑛
ℎ𝑘 +𝐸ave , and

set its lower bound Λ = 𝑇−𝑇max

(𝑇−𝑇max)
∑

𝑘 𝜋𝑘 𝑛
ℎ𝑘 +𝐸ave . Then, repeat the

following steps until convergence.
2: Set Λ = 1

2
(Λ + Λ).

3: Determine 𝑥𝑘 under each channel state 𝑘 according to (28) by using
the obtained Λ.

4: Calculate 𝑎 =
∑

𝑘 𝜋
𝑘(𝑇 −𝑥𝑘) and 𝑏 =

∑
𝑘 𝜋

𝑘 𝑛
ℎ𝑘 (𝑇 −𝑥𝑘) by using

the obtained {𝑥𝑘}∀𝑘. Further evaluate 𝜑 = 𝑎− Λ(𝑏+ 𝐸ave).
5: Test whether the convergence condition, i.e., ∣𝜑∣ ≤ 𝑡𝑜𝑙 (where

𝑡𝑜𝑙 denotes the tolerable error for convergence), is met or not.
Specifically, if ∣𝜑∣ ≤ 𝑡𝑜𝑙, then the algorithm converges, and output
the set of {𝑥𝑘} obtained as the optimal solution. Otherwise, go to
Step 6.

6: If 𝜑 > 𝑡𝑜𝑙, then update the lower bound as Λ = Λ. Otherwise (i.e.,
𝜑 ≤ −𝑡𝑜𝑙), update the upper bound Λ = Λ. Go back to Step 2.

In Algorithm (A1), we treat Λ as a controllable variable. Notice that
in Appendix I, we prove that the PU’s energy consumption function
𝐸0({𝑥𝑘}∀𝑘) is convex, which implies that its first order derivative (i.e.,
the right hand side of (27)) is increasing in {𝑥𝑘}∀𝑘. Therefore, in Step 3
of Algorithm (A1), under each channel state 𝑘 and a given Λ, there exists
(at most) a unique 𝑥𝑘 such that condition (27) is met. We quantify this
unique 𝑥𝑘 as follows. For clear presentation, we use function 𝐻𝑘

𝐿(Λ) to
denote the left hand side of (27) (the subscript 𝐿 denotes Left), and use
function 𝐻𝑘

𝑅(𝑥
𝑘) to denote the right hand side of (27) (the subscript 𝑅

denotes Right). Using 𝐻𝑘
𝐿(Λ) and 𝐻𝑘

𝑅(𝑥
𝑘), we have

Lemma 3: For each channel state 𝑘 and given Λ, suppose that
𝐻𝑘

𝑅(𝑇
min) < 𝐻𝑘

𝐿(Λ) < 𝐻𝑘
𝑅(𝑇

max). Then, the unique value of 𝑥𝑘

meeting condition (27) is given by

𝑥𝑘 =
𝑉 ln 2

1 +𝑊
(− 1

𝑒
(𝐻𝑘

𝐿(Λ)
𝑔𝑘0
𝛼𝑛

+ 1)
) ,

where function 𝑊 (.) denotes the Lambert W-Function [36].
Proof: Please refer to Appendix VI. Notice that the Lambert W-

function 𝑊 (.) can be considered as the inverse function of 𝑓(𝑊 ) =
𝑊 exp(𝑊 ). □

On the other hand, for each channel state 𝑘 and given Λ, if 𝐻𝑘
𝐿(Λ) ≤

𝐻𝑘
𝑅(𝑇

min) (or 𝐻𝑘
𝐿(Λ) ≥ 𝐻𝑘

𝑅(𝑇
max)), which means that condition (27)

cannot be met exactly, then we set 𝑥𝑘 = 𝑇min (or 𝑥𝑘 = 𝑇max) to make
both sides of condition (27) as close as possible. In summary, in Step 3
of Algorithm (A1), for each channel state 𝑘, we determine 𝑥𝑘 as follows:

𝑥𝑘 =⎧⎨⎩
𝑇min, if 𝐻𝑘

𝐿(Λ) ≤ 𝐻𝑘
𝑅(𝑇

min)
𝑉 ln 2

1+𝑊
(
− 1

𝑒
(𝐻𝑘

𝐿
(Λ)

𝑔𝑘0
𝛼𝑛

+1)
) if 𝐻𝑘

𝑅(𝑇
min) < 𝐻𝑘

𝐿(Λ) < 𝐻𝑘
𝑅(𝑇 )

𝑇max, if 𝐻𝑘
𝐿(Λ) ≥ 𝐻𝑘

𝑅(𝑇
max)

(28)

Consequently, both the auxiliary variables 𝑎 =
∑

𝑘

(
𝜋𝑘(𝑇 −𝑥𝑘)

)
and

𝑏 =
∑

𝑘

(
𝜋𝑘 𝑛

ℎ𝑘 (𝑇 − 𝑥𝑘)
)

are functions of Λ. As a result, the value of
𝜑 = 𝑎−Λ(𝑏+𝐸ave) can be considered as a function of Λ, which we thus
denote by 𝜑(Λ) = 𝑎− Λ(𝐸ave + 𝑏) for easy presentation. In particular,
we identify an important property as follows:

Lemma 4: Function 𝜑(Λ) = 𝑎 − Λ(𝐸ave + 𝑏) is monotonically
decreasing in Λ.

Proof: Please refer to Appendix VII. We emphasize that since both
the auxiliary variables 𝑎 and 𝑏 are implicit functions of Λ, it is nontrivial
to prove the decreasing property of 𝜑(Λ). □

Using the above property, we can use the bisection method to approach
the optimal Λ∗ such that function 𝜑(Λ∗) = 0 (as shown in Steps 2, 5
and 6 of Algorithm (A1)). Its convergence is characterized as follows:

Proposition 3: Algorithm (A1) is guaranteed to converge to the
optimal PU’s share of time-slot {𝑥𝑘∗}∀𝑘 for the top-problem (SOP-
E-Top’) within 𝒪( log2( Δ

𝑡𝑜𝑙
)
)

rounds of iterations, where Δ =
𝑇−𝑇min

(𝑇−𝑇min)
∑

𝑘 𝜋𝑘 𝑛
ℎ𝑘 +𝐸ave − 𝑇−𝑇max

𝐸ave+(𝑇−𝑇max)
∑

𝑘 𝜋𝑘 𝑛
ℎ𝑘

, and 𝑡𝑜𝑙 is the toler-
able error for convergence as shown in Algorithm (A1).

Proof: Please refer to Appendix VIII. □
Proposition 3 points out that Algorithm (A1) can find Λ∗ within

𝒪( log2( Δ
𝑡𝑜𝑙

)
)

rounds of iterations. Meanwhile, in each round of iteration,
the set {𝑥𝑘}∀𝑘 is given by (28) in closed-form. Thus, Algorithm (A1)
requires a very low computational-complexity.

Remark 2: (Implementation of Algorithm (A1)): We emphasize that
Algorithm (A1) is easy to implement. In particular, it does not require the
PU to get all the SUs’ channel power gains, and vice versa. According
to Algorithm (A1), the PU only needs to know the channel power gain
ℎ𝑘 associated with the best SU, who is selected to access the PU’s
slot under channel state 𝑘. This information can be collected by CR
base-station and then sent to the PU, who carries out Algorithm (A1)
offline to compute its set of optimal transmit-times (this computation
only takes tens of milliseconds as shown our numerical result in Section
6 and thus is acceptable for applications under slow fading scenarios).
Then, the PU feedbacks its optimal transmit-times to CR base-station,
and afterwards, the CR base-station uses the best-SU allocation policy
for all SUs’ resource allocations under each encountered channel state in
realtime. Thus, Algorithm (A1) is easy for the PU and SUs (or the CR
base-station) to implement.

(3) Summary of Algorithm (A1)
The PU uses Algorithm (A1) to solve the top-problem (SOP-E-Top’)

and to determine its optimal transmit-time {𝑥𝑘∗}∀𝑘 under all channel
states. Knowing {𝑥𝑘∗}∀𝑘, the CR base-station uses the best-SU allocation
policy and (24) for all SUs’ resource allocations to solve the subproblem
(SOP-E-Sub). Afterwards, each SU 𝑠 can calculate its optimal utility
𝑈∗

𝑠 = 𝑈({𝑡𝑘∗𝑠 , 𝑝𝑘∗𝑠 }∀𝑘), and the PU can calculate its energy consumption
cost 𝐿∗

0 = 𝐿0({𝑥𝑘∗}∀𝑘). Also, the optimal value (i.e., the social benefit)
𝑉 ∗ for the social optimization (SOP) defined in (11) can be obtained.

5 PROPOSED ALGORITHM (A2) TO SOLVE STEP 2
In this section, we focus on Step 2 in the two-step procedure and propose
Algorithm (A2) to determine the PU’s charge and each SU’s payment.

Specifically, knowing {𝑈∗
𝑠 }∀𝑠 and 𝛼𝐿∗

0, the original bargaining prob-
lem (NBP) turns to the following the Charge and Payment Problem:

(CPP): max
𝑣,{𝑚𝑠}

(𝑣 − 𝛼𝐿∗
0 − 𝜙0)

𝑤0
∏
𝑠∈𝒮

(𝑈∗
𝑠 −𝑚𝑠 − 𝜙𝑠)

𝑤𝑠

subject to: constraint (10)

Problem (CPP) models how the PU and SUs negotiate about the charge
and payments such that each of them can achieve a desired benefit from
cooperation beyond its own target. Since 𝐿∗

0 and {𝑈∗
𝑠 }∀𝑠 are fixed from

Problem (SOP), the Problem (CPP) can be equivalently transformed into
the following problem

(CPP-E): max
𝑣,{𝑚𝑠}

𝑤0 ln(𝑣 − 𝛼𝐿∗
0 − 𝜙0) +

∑
𝑠∈𝒮

𝑤𝑠 ln(𝑈
∗
𝑠 −𝑚𝑠 − 𝜙𝑠)

subject to: constraint (10)

We propose Algorithm (A2) to solve Problem (CPP-E) as follows.
The convergence of Algorithm (A2) is characterized as follows.
Proposition 4: Algorithm (A2) is guaranteed to converge

to the optimal solution for Problem (CPP-E) within

𝒪( log2 min
{

min𝑠∈𝒮{𝐺∗
𝑇

𝑤𝑠
},𝐺

∗
𝑇

𝑤0

}
𝑡𝑜𝑙

)
rounds of iterations, if the original

bargaining problem (NBP) is bargaining feasible. Specifically,
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Algorithm (A2): determine the PU’s charge and each SU’s payment

1: Initialize the upper bound for 𝜂 as 𝜂 =
min
{

min𝑠∈𝒮{𝐺∗
𝑇

𝑤𝑠
},𝐺

∗
𝑇

𝑤0

}
𝑡𝑜𝑙

, and
its lower bound 𝜂 = 0.

2: The PU sets 𝜂 = 1
2
(𝜂 + 𝜂). Using 𝜂, the PU evaluates its expected

charge as 𝑣 = 𝑤0𝜂 + 𝛼𝐿∗
0 + 𝜙0.

3: The PU broadcasts the signalling 𝜂 to all SUs.
4: After receiving 𝜂, each SU 𝑠 evaluates its preferred payment 𝑚𝑠 =

𝑈∗
𝑠 − 𝜙𝑠 − 𝑤𝑠𝜂 and reports it to the PU.

5: After receiving all SUs’ reports, the PU compares its expected charge
and the aggregate preferred payment from all SUs. If 𝑣 >

∑
𝑠 𝑚𝑠+

𝑡𝑜𝑙, then set 𝜂 = 𝜂 and go back to Step 2; else if 𝑣 <
∑

𝑠 𝑚𝑠 − 𝑡𝑜𝑙,
then set 𝜂 = 𝜂, and go back to Step 2; Otherwise, the algorithm
converges, and output the current 𝑣 and {𝑚𝑠} as the optimal solution
for Problem (CPP-E).

𝐺∗
𝑇 = 𝑉 ∗ − ∑

𝑠 𝜙𝑠 − 𝜙0 denotes the optimal total net-benefit
from cooperation beyond the PU and all SUs’ targets. Recall that
𝑉 ∗ denotes the maximum social benefit for Problem (SOP), which is
derived in Section 4.

Proof: Please refer to Appendix IX for details. We emphasize that in
Algorithm (A2), the signalling variable 𝜂 serves to coordinate (and update
accordingly) the PU’s expected charge 𝑣 and all the SUs’ payments {𝑚𝑠}
such that 𝑣 =

∑
𝑠∈𝒮 𝑚𝑠 is reached. Based on the property of convexity

optimization, this equilibrium state also reaches the maximum of the
objective function [33] [37]. □

Remark 3: (Implementation of Algorithm (A2)): Algorithm (A2) facil-
itates a distributed and easy implementation. First, based on the signaling
variable 𝜂 broadcasted from the PU, each SU can individually update its
preferred payment, and the PU itself can update its expected charge. No
direct message-exchange among SUs is required at all. Second, the PU
(or each SU) does not have to reveal any internal information to each
other, i.e., 𝑤0 and 𝜙0 (𝑤𝑠 and 𝜙𝑠). Only the signalling variable 𝜂 and the
SUs’ preferred payments are required in the message-exchanges, which
not only reduces the system complexity in communication overheads,
but also protects the privacy of the PU and SUs. Notice that different
from Algorithm (A1) which needs the CR base-station to schedule
the downlink resources among SUs, Algorithm (A2) only requires the
message-exchanges between the PU and SUs to reach the agreement
between their charge and payments and thus to achieve the optimality at
the same time.

In addition, we identify the following result which characterizes the
PU’s (or each SU’s) net-benefit from their cooperative bargaining.

Corollary 2: Suppose that the original bargaining problem (NBP) is
bargaining feasible. Then, the optimal PU’s charge 𝑣∗ and each SU 𝑠’s
payment 𝑚∗

𝑠 from problem (CPP-E) yield a proportional distribution of
the optimal net-benefit. Specifically, the PU’s (or the SU’s) optimal net-
benefit is given by:

𝐺∗
0 = 𝑣∗ − 𝛼𝐿∗

0 − 𝜙0 =
𝑤0

𝑤0 +
∑

𝑠 𝑤𝑠
𝐺∗

𝑇 (29)

𝐺∗
𝑠 = 𝑈∗

𝑠 −𝑚∗
𝑠 − 𝜙𝑠 =

𝑤𝑠

𝑤0 +
∑

𝑠 𝑤𝑠
𝐺∗

𝑇 ,∀𝑠. (30)

Proof: Please refer to Appendix X. This result illustrates an important
property of Problem (NBP). Suppose that the problem (NBP) is bargain-
ing feasible, i.e., 𝐺∗

𝑇 = 𝑉 ∗ − 𝜙0 −∑𝑠 𝜙𝑠 > 0. Then, via the proposed
cooperative bargaining, (i) the PU (or each SU) will receive a positive
net-benefit from the cooperative bargaining, i.e., gaining more than its
own target, and (ii) the PU and each SU share the optimal net-benefit
𝐺∗

𝑇 in a proportional way according to their bargaining powers. We will
show in the numerical results that this cooperative sharing will yield a
desired fairness among all participants. □

Summary of Algorithm (A2): after the PU knowing its energy consump-
tion cost 𝛼𝐿∗

0, and each SU 𝑠 knowing its utility 𝑈∗
𝑠 from Step 1, the PU

and each SU 𝑠 use Algorithm (A2) to determine the PU’s optimal charge

𝑣∗ and each SU 𝑠’s optimal payment 𝑚∗
𝑠 , respectively, in a distributed

way. Thus, by using Algorithm (A2), the PU and all SUs reach the
optimum problem (CPP-E) (as well as for problem (CPP) equivalently)
in Step 2, thus solving the original problem (NBP) eventually.

Summary of the Two-Step Procedure: Up to here, we finish the
illustration of the two-step procedure to solve the original bargaining
problem (NBP). Although we solve the problem (NBP) via the afore-
mentioned two steps (i.e., using Algorithm (A1) and Algorithm (A2),
respectively), both of them consume low computational complexity as
stated in Propositions 3 and 4, respectively. Hence, the overall complexity
of the two-step procedure is very low, which will be verified by the
numerical results in the next section.

6 NUMERICAL RESULTS

In this section, we carry out the numerical experiments to verify our
previous results. As illustration, we assume that each channel (i.e., from
CR base-station to each SU’s receiver or from the PUTx to PURx) is
slow fading and follows the Rayleigh distribution (nevertheless, other
channel model can also be applied, e.g., the channel model used in [25]).
According to [34], [35], this slow Rayleigh distribution can be modeled as
a finite-state Markov chain within which the fading channel is partitioned
into a set of finite states. Without loss of generality, we use the equal
probability method as in [34], [35] to quantify the thresholds for the set of
states4. Let 𝐶 denote the number of state to be quantified. Then, the set of
thresholds are given by 𝑔𝑗+1 = −𝜌 ln

(
exp(− 𝑔𝑗

𝜌
)−𝜋𝑗

)
, 𝑗 = 1, ..., 𝐶−1

with the lowest threshold 𝑔1 = 0, and 𝜌 denoting average channel power
gain. Meanwhile, 𝜋𝑗 denotes the stationary probability that channel gain
falls within [𝑔𝑗 , 𝑔𝑗+1]. Also, the corresponding normalized power gain

representing state 𝑗 is given by 𝑔𝑗 =

∫ 𝑔𝑗+1
𝑔𝑗

𝑔
𝜌

exp(− 𝑔
𝜌
)𝑑𝑔

𝜋𝑗
, 𝑗 = 1, 2, ..., 𝐺.

Here, 𝑔𝐶+1 denotes the greatest threshold which is large enough. Notice
that, after using this FSMC model, the total number of channel state 𝐾
for the whole system considered will be 𝐾 = ∣𝐶∣𝑆+1, supposing that
different channel is independent with each other. Recall that 𝑆 denotes
the number of mobile SUs receiving data from CR base-station.
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Fig. 2: Performance of our two-step procedure. We consider three mobile
SUs. Each channel is modeled as a 3-state Markov chain (which corresponds
to a good channel state, a medium channel stat and a bad channel state,
respectively). There are total 34 = 81 different channel states for whole
system. The normalized average channel power gains are 𝜌 = 0.8, 1, 1.2 for
the three SUs, respectively. The PU’s average energy limit 𝐸ave = 0.5. Left
subfigure: the slot-length 𝑇 = 0.7. Right subfigure: the slot-length 𝑇 = 1.1.

We first show the performance of two-step procedure to solve (NBP).
In Fig. 2 (for different PU’s slot-length) and Fig. 3 (for different CR
energy-capacity), we show the optimal PU’s transmit-time {𝑥𝑘∗}∀𝑘

4. We use the equal probability to partition the channel states, while other
partition methods (e.g., the method aiming to minimize the bit error rate for a
target modulation scheme) are also applicable.
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TABLE 1: Comparison of the computational time (measured in sec)(
𝐸ave, 𝑇

)
(0.5,0.7) (0.5,0.9) (0.5,1.1) (0.7,0.7) (0.7,0.9) (0.7,1.1) (0.9,0.7) (0.9,0.9) (0.9,1.1)

Mat. Solver 1107 1274 1293 1144 1189 1362 1410 1211 1371
Alg. (A1) for Step-1 0.15 0.17 0.32 0.17 0.23 0.29 0.43 0.24 0.28
Alg. (A2) for Step-2 0.03 0.03 0.02 0.02 0.03 0.02 0.04 0.03 0.02
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Fig. 3: Performance of our two-step procedure. The parameter-settings are
similar to Fig. 2. The PU’s slot length 𝑇 = 0.9. Left subfigure: the average
energy 𝐸ave = 0.5. Right subfigure: the average energy 𝐸ave = 0.9.

obtained from the two-step procedure (denoted by the red circles) under
all the channel states. As comparison, we also show the solution obtained
from using the commercial optimization package in Matlab [39] (denoted
by the blue stars) to solve (NBP) directly. It should be noticed, due to the
nonconvexity of (NBP), using the commercial optimization package to
solve (NBP) cannot always guarantee to achieve the optimality, while the
two-step procedure can guarantee it (as we prove in Appendix II). Under
all the tested parameter-settings, the results show that these two sets of
solutions match with each other well. More importantly, the two-step
procedure gains a significant advantage in computational complexity. In
Table 1, we compare the computational time used by these two methods
(the computational time is obtained on the platform of Intel Core i3-
370M processor (2.4GHz, 3MB L3 cache). For the two-step procedure,
we show the computational time used by Algorithm (A1) (for Step 1)
and by Algorithm (A2) (for Step 2). The results show that our two-step
procedure requires almost negligible computational time compared to
using Matlab solver directly. The key reason lies in that we explore the
connection between the bargaining problem (NBP) and its social problem
(SOP), and turn the originally nonconvex optimization problem into two
steps to solve, i.e., using Algorithm (A1) to solve problem (SOP-E) in
Step 1 and using Algorithm (A2) to solve problem (CPP-E) in Step 2.

As a deep look, we also show the convergence of Algorithm (A1) and
Algorithm (A2) in Fig. 4 and Fig. 5. Figure 4 shows the convergence of
Algorithm (A1) under two cases. Specifically, the top subfigure shows
the value of Λ during iterations, while the bottom subfigure shows
the corresponding value of function 𝜑(Λ), which converges to zero
numerically. These results show a very fast convergence of Algorithm
(A1), thus verifying Proposition 3. Figure 5 shows the convergence
of Algorithm (A2). The top subfigure shows the convergence of the
signalling variable 𝜂, and the bottom subfigure shows the corresponding
convergence of the PU’s charge and the total charge of all SUs. Under
each case, the PU’s charge matches the total charge of all SUs well after
convergence. The results also show that Algorithm (A2) requires a small
number of iterations to reach the optimality.

Figure 6 shows the results of the bargaining over the SU’s payment
and the PU’s charge. First, the top subfigure shows each SU’s optimal
utility and the PU’s energy loss obtained from Step 1 of the proposed
two-step procedure. The middle subfigure then shows each SU’s optimal
payment and the PU’s optimal charge after finishing the bargaining in
Step 2 of the two-step procedure (denoted by “bargaining”). As shown in
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Fig. 4: Convergence of Algorithm (A1). Top subfigure: the value of Λ; bottom
subfigure: the value of 𝜑(Λ). We test two cases: (𝐸ave = 0.5, 𝑇 = 0.7) and
(𝐸ave = 0.9, 𝑇 = 1.1).
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SUs payments, Eave=0.9,T=1.1

Fig. 5: Convergence of Algorithm (A2). Top subfigure: the value of 𝜂; Bottom
subfigure: the value of the PU’s charge and the SUs’ total payment. We test
two cases: (𝐸ave = 0.5, 𝑇 = 0.7) and (𝐸ave = 0.9, 𝑇 = 1.1).

the results, based on the obtained utility, each SU self-incentively offers a
payment such that a balanced net-benefit can be established among them.
In this case, since each SU shares the same bargaining power, thus the
SU achieving greater (or smaller) utility from Step 1 will correspondingly
offer a greater (smaller) payment. Finally, the bottom subfigure shows
each SU’s optimal net-benefit 𝐺∗

𝑠 and the PU’s optimal net-benefit 𝐺∗
0

from their cooperation. As stated in Corollary 2, each SU and PU will
obtain a positive net-benefit from their cooperation if the bargaining is
feasible. Furthermore, the PU and each SU share the net-benefit from
cooperation in a proportional way according to their bargaining power,
thus achieving a proportional fairness.

For comparison, in the middle and bottom subfigures, we also show
the result in which the PU alone determines its optimal price charged to
all SUs such that the PU can maximize its own net-benefit aggressively
(denoted by “PU alone”). All the SUs passively accept the PU’s aggres-
sive price and suffer from this unfair price as a result. Notice that based
on the theory of Lagrangian multiplier in convex optimization [33] [37],
this optimal PU’s price is exactly given by the Lagrangian multiplier
{𝜆𝑘}∀𝑘 in eq. (22), which we can quantify analytically based on the
set of optimal solutions for problem (SOP-E). The results show that this
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PU’s dominant price will yield a unfair distribution of net-benefit, i.e.,
the PU gaining a large portion of the net-benefit while all SUs gaining
small ones, because the SUs do not have any freedom to choose their
preferred payments.

To further verify the improved fairness by our bargaining scheme, we
compare its normalized fairness index with that of the PU’s dominant
price in Table 2. Specifically, in our problem, the normalized fairness

index 𝐽({𝐺𝑠}, 𝐺0) is given by 𝐽({𝐺𝑠}, 𝐺0) =
(
𝐺0
𝑤0

+
∑

𝑠
𝐺𝑠
𝑤𝑠

)2

(𝑆+1)((
𝐺0
𝑤0

)2+
∑

𝑠(
𝐺𝑠
𝑤𝑠

)2)

[38]. Recall that 𝐺𝑠 (or 𝐺0) denotes the net-benefit achieved by the
SU 𝑠 or PU. According to [38], 𝐽({𝐺𝑠}, 𝐺0) → 1 denotes the most
fair, while 𝐽({𝐺𝑠}, 𝐺0) → 1

𝑆+1
denotes the most unfair. The results

show that under a given set of bargaining powers, our bargaining scheme
guarantees a perfect fairness among the PU and all SUs in their share
of net-benefit from cooperation. In comparison, using a PU’s dominant
price results in a very low fairness index.

Figure 7 further verifies Corollary 2 via changing the PU’s bargaining
power. The left subfigure shows that the net-benefit of the SUs (each
with a different bargaining power) decrease when the PU’s bargaining
power increases. Meanwhile, the PU’s net-benefit increases accordingly.
In particular, the total net-benefit of the PU and all SUs keeps the same
(as shown by the top horizonal line in this figure), meaning that the PU
and all SUs in fact share this total net-benefit from their cooperation.
Furthermore, the right subfigure shows that the share of the net-benefit
of each SU (or the PU) , i.e., the ratio between its net-benefit and
the total one, exactly follows the proportional rule stated in Corollary
2. Specifically, in the right subfigure, the “num.” denotes the ratio
obtained from the two-step procedure, and the “ana.” denotes the value
of 𝑤𝑠∑

𝑠 𝑤𝑠+𝑤0
for SU 𝑠 (and 𝑤0∑

𝑠 𝑤𝑠+𝑤0
for the PU) as the proportional

rule in Corollary 2. These two values match with each other well. Also,
in all these tested cases, our bargaining solution always achieves the
normalized fairness index equal to 1, as indicated by the top-horizon
line in the right subfigure.
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Fig. 6: Results of Bargaining. Top: Each SU’s optimal utility and the PU’s en-
ergy loss; Middle: Each SU’s optimal payment and the PU’s optimal charge;
Bottom: Each SU’s optimal net-benefit and the PU’s optimal net-benefit. We
set the PU’s target 𝜙0 = 0.2, the SUs’ target {𝜙𝑠} = (0.1, 0.1, 0.2), the PU’s
bargaining power 𝑤0 = 2, and the SUs’ bargaining power {𝑤𝑠} = (1, 1, 1).

We further evaluate the impact of several system-parameters. Figure
8 shows the impact of the PU’s slot-length 𝑇 and the average energy-
capacity 𝐸ave of CR network. The left-subfigure shows that the maximum
value for the social problem (SOP) increases as 𝑇 and 𝐸ave increase,
which is consistent with the intuition well. While, the right subfigure
further shows that the optimal average PU’s transmit-time increases as the
PU’s slot-length 𝑇 increases, and it decreases as the energy-capacity 𝐸ave

of CR network increases (notice that since the PU’s optimal transmit-time
{𝑥𝑘∗} is a vector, we average it over the channel-state distribution to
obtain this optimal average PU’s transmit-time for an easy illustration).
These two properties can be reflected from condition (27) in the two-step
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Fig. 7: Results of Bargaining with different PU’s bargaining power. We set
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TABLE 2: Comparison of the Normalized Fairness Index(
𝐸ave, 𝑇

)
(0.5,0.7) (0.5,0.9) (0.5,1.1) (0.7,0.7) (0.7,0.9) (0.7,1.1) (0.9,0.7) (0.9,0.9) (0.9,1.1)

Bargaining 1 1 1 1 1 1 1 1 1
PU alone 0.351 0.378 0.396 0.346 0.371 0.388 0.342 0.366 0.382

procedure. For instance, the value of Λ decreases as 𝐸ave. Thus, to relief
this variation and balance the two sides of (27), the PU’s transmit-time
{𝑥𝑘∗} decreases. This result in fact also matches our intuition. Notice
that a greater energy-capacity of CR means that the PU and all SUs can
potentially gain more from a deeper cooperation, which makes the PU
would like to share a longer transmit-time to the SUs.

Figure 9 further shows the impact of the PU’s traffic load. The
left subfigure shows the maximum value for the social problem (SOP)
decreases as the PU’s traffic load increases. Accordingly, the right
subfigure shows the optimal average PU’s transmit-time increases as the
PU’s traffic load increases. These results match the intuition that a greater
traffic load makes the PU more conservative in sharing time-slot with
SUs, yielding a less benefit from their cooperation. Also, the result can
be reflected from condition (27), i.e., with an increase in the PU’s traffic,
its transmit-time needs to increase to balance both sides of condition (27).
Fig. 9 shows the similar impact of the CR’s energy-capacity as Fig. 8.

7 CONCLUSION

In this work, we study the cooperative spectrum sharing between the PU
and CR networks. In this cooperative sharing, the PU actively shares its
time-slot with SUs to get additional reward from SUs. Correspondingly,
the SUs get transmission opportunities via using the PU’s slot and pay the
PU appropriate payments. The cooperation between the PU and the SUs
is modeled as a Nash bargaining problem such that each SU and the PU
expect to benefit from cooperation. Viewing that the bargaining problem
is nonconvex, we first explore the connection between the bargaining
problem and the corresponding social optimization problem, and then
propose a two-step procedure to solve the nonconvex bargaining problem.
Our numerical results show that through cooperation, each SU and the
PU can get a positive net-benefit beyond their own benchmarks, and
more importantly, the net-benefit of each SU and PU is proportionally
allocated based on their bargaining powers. Also, the two-step procedure
(including both Algorithm (A1) and Algorithm (A2)) requires a very low
computational complexity with guaranteed convergence.

As a future work, we plan to incorporate multiple PUs to share their
time-slots with different SUs. We are interested in how different PUs
compete (or collaborate) to share their time-slots with different selected
groups of SUs. Also, how to align different PUs’ objectives such that they
are motivated to collaborate and gain desired rewards is an interesting
question to explore.
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APPENDIX I: PROOF OF DECREASING PROPERTY OF PU’S
ENERGY CONSUMPTION

In this appendix, we prove that the PU’s energy consumption
𝐸0({𝑥𝑘}∀𝑘) given in (2) is decreasing in {𝑥𝑘}. Specifically, the PU’s
energy consumption function 𝐸0({𝑥𝑘})∀𝑘) is a linear combination of
a group functions 𝑓(𝑥) = 𝑥(2

𝑉
𝑥 − 1) (with 𝑥𝑘 replaced by 𝑥 for

simplicity). Hence, it suffices to show that 𝑓(𝑥) is decreasing in 𝑥 such
that 𝐸0({𝑥𝑘}∀𝑘)) is decreasing. Specifically, the first order derivative of
𝑓(𝑥) is given by

𝑑𝑓(𝑥)

𝑑𝑥
= 2

𝑉
𝑥
(
1− 𝑉

𝑥
ln 2
)− 1,

and its second order derivative is given by

𝑑2𝑓(𝑥)

𝑑𝑥2
= 2

𝑉
𝑥
𝑉 2

𝑥3
(ln 2)2 ≥ 0,

which implies that 𝑑𝑓(𝑥)
𝑑𝑥

is increasing. Furthermore, we have 𝑑𝑓(𝑥)
𝑑𝑥

→ 0

as 𝑥 → ∞. Hence, we have 𝑑𝑓(𝑥)
𝑑𝑥

≤ 0, which corresponds to that 𝑓(𝑥)
is decreasing. Moreover, 𝑓(𝑥) is also convex. Thus, we finish the proof
that the PU’s energy consumption 𝐸0({𝑥𝑘}∀𝑘) is decreasing in {𝑥𝑘},
and it is also strictly convex since 𝑇min ≤ 𝑥𝑘 ≤ 𝑇max, ∀𝑘.

APPENDIX II: PROOF OF PROPOSITION 1
In this appendix, we prove Proposition 1. Specifically, Problem (NBP)
is equivalent to the following problem:

max𝑤0 ln(𝐺0) +
∑
𝑠∈𝒮

𝑤𝑠 ln(𝐺𝑠) (31)

subject to: 𝐺0 ≤ 𝑣 − 𝛼𝐿0({𝑥𝑘}∀𝑘)− 𝜙0 (32)

𝐺𝑠 ≤ 𝑈𝑠({𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘)−𝑚𝑠 − 𝜙𝑠,∀𝑠 (33)

and constraints:(6)(7)(8)(9)(10).

decision variables: 𝐺0, {𝐺𝑠}∀𝑠, {𝑥𝑘}∀𝑘, 𝑣, {𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘,𝑠, {𝑚𝑠}∀𝑠.
Here 𝐺0 (or 𝐺𝑠) is the auxiliary variable, which denotes the net-benefit
of the PU (or SU 𝑠) beyond its target. Suppose that the set of decision
variables regarding resource allocations (including {𝑥𝑘}∀𝑘, {𝑡𝑘𝑠}∀𝑠,𝑘
and {𝑝𝑘𝑠}∀𝑠,𝑘) is fixed. Then, the PU’s loss in energy consumption,
denoted by 𝜒0 = 𝛼𝐿0({𝑥𝑘}∀𝑘), and the SU 𝑠’s utility, denoted by
𝜒𝑠 = 𝑈({𝑡𝑘𝑠 , 𝑝𝑘𝑠}∀𝑘), are thus determined. Knowing 𝜒0 and {𝜒𝑠}∀𝑠,
the above problem thus becomes:

max
𝐺0,{𝐺𝑠}∀𝑠,𝑣,{𝑚𝑠}∀𝑠

𝑤0 ln(𝐺0) +
∑
𝑠∈𝒮

𝑤𝑠 ln(𝐺𝑠) (34)

subject to: 𝐺0 ≤ 𝑣 − 𝜒0 − 𝜙0 (35)

𝐺𝑠 ≤ 𝜒𝑠 −𝑚𝑠 − 𝜙𝑠, ∀𝑠 (36)

𝑣 ≤
∑
𝑠

𝑚𝑠. (37)

As we prove in the following Appendix X, the optimal solution for the
above problem can be compactly given by:

𝐺∗
0 =

𝑤0

𝑤0 +
∑

𝑠 𝑤𝑠

(∑
𝑠

𝜒𝑠 − 𝜒0 −
∑
𝑠

𝜙𝑠 − 𝜙0

)
,

𝐺∗
𝑠 =

𝑤𝑠

𝑤0 +
∑

𝑠 𝑤𝑠

(∑
𝑠

𝜒𝑠 − 𝜒0 −
∑
𝑠

𝜙𝑠 − 𝜙0

)
,

when the condition
∑

𝑠 𝜒𝑠 − 𝜒0 − ∑
𝑠 𝜙𝑠 − 𝜙0 > 0 holds, which

corresponds to the original bargaining problem (NBP) is feasible under
given 𝜒0 and {𝜒𝑠}∀𝑠. Putting these results into the objective function of
(NBP), we obtain the following equivalent objective function as follows:

(𝑤0 +
∑
𝑠

𝑤𝑠)×(
ln
( 𝑤0

𝑤0 +
∑

𝑠 𝑤𝑠

)
+ ln

(∑
𝑠

𝜒𝑠 − 𝜒0 −
∑
𝑠

𝜙𝑠 − 𝜙0

))
.

The above result indicates that to maximize the original objective function
of problem (NBP), it is equivalent to maximize the part of

(∑
𝑠 𝜒𝑠−𝜒0

)
,

which in fact represents the social benefit under a given {𝑥𝑘}∀𝑘, {𝑡𝑘𝑠}∀𝑘,𝑠
and {𝑝𝑘𝑠}∀𝑘,𝑠 (i.e., the objective function of the social problem (SOP)). In
other words, achieving the optimality of the bargaining problem (NBP)
will simultaneously correspond to achieving the optimality of social
problem (SOP) as long as the problem (NBP) itself is bargaining feasible.
We thus finish the proof.

APPENDIX III: PROOF OF LEMMA 1

As we prove at the end of Appendix I that the PU’s energy consumption
function 𝐸0({𝑥𝑘}∀𝑘) is strictly convex with respect to {𝑥𝑘}∀𝑘. Mean-
while, all the constraints of Problem (SOP-E) are linear. Thus, to verify its
convexity, it suffices to show that the first part of the objective function,
i.e.
∑

𝑘

(∑
𝑠∈𝒮 𝑡𝑘𝑠 log2(1+

𝜃𝑘𝑠
𝑡𝑘𝑠

𝑔𝑘𝑠
𝑛
)
)
𝜋𝑘, is jointly concave with respect to

{𝑡𝑘𝑠}∀𝑘,𝑠 and {𝜃𝑘𝑠}∀𝑘,𝑠. This can be further reduced to show that its each
component, function 𝐹 (𝑡𝑘𝑠 , 𝜃

𝑘
𝑠 ) = 𝑡𝑘𝑠 log2(1 +

𝜃𝑘𝑠
𝑡𝑘𝑠

𝑔𝑘𝑠
𝑛
), is jointly concave

with respect to (𝑡𝑘𝑠 , 𝜃
𝑘
𝑠 ). We prove this via calculating its Hessian matrix.

Specifically, the Hessian matrix of 𝐹 (𝑡𝑘𝑠 , 𝜃
𝑘
𝑠 ) is given by

∇2𝐹 (𝑡𝑘𝑠 , 𝜃
𝑘
𝑠 ) =

⎛⎝ − 1
ln 2

(𝐴𝜃𝑘𝑠 )2

(𝑡𝑘𝑠+𝐴𝜃𝑘𝑠 )2𝑡𝑘𝑠

1
ln 2

𝐴2𝜃𝑘𝑠
(𝑡𝑘𝑠+𝐴𝜃𝑘𝑠 )2

1
ln 2

𝐴2𝜃𝑘𝑠
(𝑡𝑘𝑠+𝐴𝜃𝑘𝑠 )2

− 1
ln 2

𝐴2𝑡𝑘𝑠
(𝑡𝑘𝑠+𝐴𝜃𝑘𝑠 )2

⎞⎠ (38)

with the parameter 𝐴 =
𝑔𝑘𝑠
𝑛

. Thus, it is easy to show that this Hessian
matrix is negatively definite. As a result, each component is jointly
convex with respect to (𝑡𝑘𝑠 , 𝜃

𝑘
𝑠 ). We thus finish the proof here.

APPENDIX IV: PROOF OF PROPOSITION 2

For clear presentation, we first repeat the formulation to determine the
optimal energy allocation under each channel state as follows:

max
{𝑢𝑘}∀𝑘

∑
𝑘

(
(𝑇 − 𝑥𝑘) log2(1 +

𝑢𝑘ℎ𝑘

(𝑇 − 𝑥𝑘)𝑛
)
)
𝜋𝑘

subject to:
∑
𝑘

𝑢𝑘𝜋𝑘 ≤ 𝐸ave

decision variables: 0 ≤ 𝑢𝑘,∀𝑘.

It can be verified that the above problem is convex [37]. We relax the
constraint via introducing the dual price 𝑧 and obtain the corresponding
Lagrangian function as follows:

𝐿 =
∑
𝑘

(
(𝑇 − 𝑥𝑘) log2(1 +

ℎ𝑘𝑢𝑘

(𝑇 − 𝑥𝑘)
𝑛)
)
𝜋𝑘 +

𝑧(𝐸ave −
∑
𝑘

𝑢𝑘𝜋𝑘).

Since the objective function is increasing in {𝑢𝑘}, the constraint∑
𝑘 𝑢

𝑘𝜋𝑘 ≤ 𝐸ave should be always binding at the optimum, which
implies that the corresponding Lagrangian multiplier (or dual price)
𝑧 > 0 strictly. By deriving the above Lagrangian function with respect
to 𝑢𝑘, we obtain

𝑢𝑘 = (
1

ln 2

1

𝑧
− 𝑛

ℎ𝑘
)(𝑇 − 𝑥𝑘), ∀𝑘.

By further exploiting the strictly binding constraint
∑

𝑘 𝑢
𝑘𝜋𝑘 = 𝐸ave,

we solve the dual price 𝑧 as

𝑧 =
1

ln 2

1

𝐸ave +
∑

𝑘 𝜋
𝑘 𝑛
ℎ𝑘 (𝑇 − 𝑥𝑘)

(∑
𝑘

𝜋𝑘(𝑇 − 𝑥𝑘)
)
,

which thus yields the optimal energy allocations given by (24). Since the
optimal energy allocations under different channel states are increasing
in {ℎ𝑘}, the sufficient condition to guarantee that the secondary network
is energy-limited just follows. We thus finish the proof.
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APPENDIX V: PROOF OF LEMMA 2

To prove the strictly convexity of (SOP-E-Top’), it suffices to prove that
the objective function is strictly concave. Notice that we have proved that
the third part 𝛼

∑
𝑘

(
𝑥𝑘(2

𝑉
𝑥𝑘 − 1) 𝑛

𝑔𝑘0
𝜋𝑘
)

is strictly convex in Appendix

I. In addition, it is apparent that the first part
∑

𝑘

(
𝜋𝑘(𝑇−𝑥𝑘) log2(

ℎ𝑘

𝑛
)
)

is linear in {𝑥𝑘}∀𝑘. Hence, we only need to show that the second
part is concave in {𝑥𝑘}∀𝑘. To prove it, we exploit the property that
linear transformation will not change convexity [37]. We first denote the
auxiliary variable 𝑎 =

∑
𝑘

(
𝜋𝑘(𝑇 − 𝑥𝑘)

)
and the auxiliary variable

𝑏 =
∑

𝑘

(
𝜋𝑘 𝑛

ℎ𝑘 (𝑇 − 𝑥𝑘)
)
. Based on these auxiliary variables, the

second part of the objective function simply reduces to a simple function
Φ(𝑎, 𝑏) = 𝑎 log2

(
𝐸ave+𝑏

𝑎

)
. It can be verified that the Hessian matrix of

Φ(𝑎, 𝑏) is as follows:

∇2Φ(𝑎, 𝑏) =

( − 1
ln 2

1
𝑎

1
ln 2

1
𝐸ave+𝑏

1
ln 2

1
𝐸ave+𝑏

− 1
ln 2

𝑎
(𝐸ave+𝑏)2

)
(39)

which is negatively definite. Hence, Φ(𝑎, 𝑏) is jointly concave in (𝑎, 𝑏).
Further using the property that the linear transformation does not change
the convexity, we reach the result that the second part of the objective
function (25) is concave. In summary, we finish the proof that this
objective function is strictly concave.

APPNEDIX VI: PROOF OF LEMMA 3

This result can be obtained via change of variables. Let variable 𝑟𝑘 = 𝑉
𝑥𝑘 .

Then, condition (27) is equivalent to

2𝑟
𝑘

(1− 𝑟𝑘 ln 2) =
𝑔𝑘0
𝛼𝑛

𝐻𝑘
𝐿(Λ) + 1.

Further let 𝑞𝑘 = 1− 𝑟𝑘 ln 2. Then, after some manipulations, we have

𝑒−𝑞𝑘(−𝑞𝑘) = −1

𝑒

( 𝑔𝑘0
𝛼𝑛

𝐻𝑘
𝐿(Λ) + 1

)
,

which yields 𝑞𝑘 = −𝑊
( − 1

𝑒

( 𝑔𝑘0
𝛼𝑛

𝐻𝑘
𝐿(Λ) + 1

))
and 𝑥𝑘 = 𝑉 ln 2

1−𝑞𝑘
=

𝑉 ln 2

1+𝑊
(
− 1

𝑒
(𝐻𝑘

𝐿
(Λ)

𝑔𝑘0
𝛼𝑛

+1)
) . We thus finish the proof.

APPENDIX VII: PROOF OF LEMMA 4

Specifically, function 𝜑(Λ) can be re-expressed as

𝜑(Λ) = 𝑎− Λ𝑏− Λ𝐸ave

=
∑
𝑘

(
𝜋𝑘(𝑇 − 𝑥𝑘)

)− Λ
∑
𝑘

(
𝜋𝑘 𝑛

ℎ𝑘
(𝑇 − 𝑥𝑘)

)− Λ𝐸ave

=
∑
𝑘

𝜋𝑘(1− Λ
𝑛

ℎ𝑘
)(𝑇 − 𝑥𝑘)− Λ𝐸ave

Based on the above result, we consider the following two sub-regions
regarding Λ:

Sub-region 1, i.e., 0 ≤ Λ ≤ ℎ𝑘

𝑛
: In this sub-region, when Λ increases,

the value of 1
ln 2

(
ln(Λ 𝑛

ℎ𝑘 )− Λ 𝑛
ℎ𝑘

)
increases, i.e., the left hand side of

(27) increases. Meanwhile, we prove in Appendix I that the PU’s energy
consumption function 𝐸0({𝑥𝑘}∀𝑘) is strictly convex, which means that
the right hand side of (27) is increasing in 𝑥𝑘. As a result, to balance
(27), 𝑥𝑘 increases as Λ increases. Thus, function 𝜑(Λ) is decreasing in
this sub-region.

Sub-region 2, i.e., ℎ𝑘

𝑛
≤ Λ: In this sub-region, when Λ increases, the

value of 1
ln 2

(
ln(Λ 𝑛

ℎ𝑘 )−Λ 𝑛
ℎ𝑘

)
decreases, i.e., the left hand side of (27)

decreases. As stated before, the right hand side of (27) is increasing
in 𝑥𝑘. As a result, to balance (27), 𝑥𝑘 decreases as Λ increases. Thus.
function 𝜑(Λ) is still decreasing in this sub-region (notice that (1− 𝑛

ℎ𝑘 Λ)
becomes negative).

Combining the results in the above two sub-regions, function 𝜑(Λ) is
decreasing in Λ. We thus finish the proof.

APPENDIX VIII: PROOF OF PROPOSITION 3
As stated before, we treat Λ as an independent decision variable in
Algorithm (A1). Our objective is thus to find the optimal Λ∗ such that
(i) function 𝜑(Λ∗) = 0 is met and (ii) the optimality condition (27) is
met (as close as possible). Notice that, Λ essentially should meet the
following condition

Λ =
𝑎

𝑏+ 𝐸ave =

∑
𝑘 𝜋

𝑘(𝑇 − 𝑥𝑘)

𝐸ave +
∑

𝑘 𝜋
𝑘 𝑛
ℎ𝑘 (𝑇 − 𝑥𝑘)

,

based on which we can quantify its lower and upper bounds as follows.
First, it is apparent that under each channel state 𝑘, Λ is decreasing in
𝑥𝑘, supposing that all the other 𝑥𝑘′

, 𝑘 ∕= 𝑘 are fixed. Second, there exists
𝑇min ≤ 𝑥𝑘 ≤ 𝑇max, ∀𝑘, i.e., the limits on {𝑥𝑘}∀𝑘 are separable under
different channel states. Thus, the lower bound of Λ can be given by
Λ = 𝑇−𝑇max

𝐸ave+(𝑇−𝑇max)
∑

𝑘 𝜋𝑘 𝑛
ℎ𝑘

when 𝑥𝑘 = 𝑇max, ∀𝑘, and its upper bound

can be given by Λ = 𝑇−𝑇min

𝐸ave+(𝑇−𝑇min)
∑

𝑘 𝜋𝑘 𝑛
ℎ𝑘

when 𝑥𝑘 = 𝑇min,∀𝑘.

After knowing Λ and Λ, we could use the bisection method to find
the optimal Λ∗ such that 𝜑(Λ∗) = 0, since 𝜑(Λ) is monotonically
decreasing (according to Lemma 4) and we know that Λ ≤ Λ∗ ≤ Λ.
We again emphasize that for each given Λ, the set of {𝑥𝑘}∀𝑘 is
uniquely determined according to (28). Therefore, the bisection method
is guaranteed to converge to Λ∗ within log2(

Δ
𝑡𝑜𝑙

) round of iterations,
where Δ = 𝑇−𝑇min

(𝑇−𝑇min)
∑

𝑘 𝜋𝑘 𝑛
ℎ𝑘 +𝐸ave − 𝑇−𝑇max

𝐸ave+(𝑇−𝑇max)
∑

𝑘 𝜋𝑘 𝑛
ℎ𝑘

and, 𝑡𝑜𝑙
is the tolerable error for convergence. We thus finish the proof.

APPENDIX IX: PROOF OF PROPOSITION 4
Problem (CPP-E) can be verified as a convex optimization. Also,
constraint (10) should be binding to reach the maximum. Hence, we
relax constraint (10) and introduce the signalling 𝜆 as the corresponding
Lagrangian multiplier. The Lagrangian function is given by

𝐿(𝑣, {𝑚𝑠}, 𝜆) = 𝑤0 ln(𝑣 − 𝛼𝐿∗
0 − 𝜙0) +∑

𝑠∈𝒮
𝑤𝑠 ln(𝑈

∗
𝑠 −𝑚𝑠 − 𝜙𝑠) + 𝜆(

∑
𝑠

𝑚𝑠 − 𝑣)

This Lagrangian function can be separated among the PU and SUs.
Specifically, the PU’s problem is given by

max
𝑣

𝑤0 ln(𝑣 − 𝛼𝐿∗
0 − 𝜙0)− 𝜆𝑣,

which yields the rule to update the PU’s expected charge as 𝑣 = 𝑤0
1
𝜆
+

𝛼𝐿∗
0 + 𝜙0. Also, SU 𝑠’s problem is given by

max
𝑚𝑠

𝑤𝑠 ln(𝑈
∗
𝑠 −𝑚𝑠 − 𝜙𝑠) + 𝜆𝑚𝑠,

which yields the following rule to update the SU 𝑠’s preferred payment
as 𝑚𝑠 = 𝑈∗

𝑠 − 𝜙𝑠 − 𝑤𝑠
1
𝜆

.
The associated dual optimization can be expressed as

max𝜆>0 𝐿(𝑣
∗, {𝑚∗

𝑠}, 𝜆). Instead of using the sub-gradient method
to reach the dual optimum [37], we directly exploit the property that
𝑣 =

∑
𝑠 𝑚𝑠 at the optimum and use the bisection method to reach it.

Notice that the computational complexity of sub-gradient method is
hard to characterize, although it has a guaranteed convergence with an
appropriate choice of updating step-size.

Regarding the design of Algorithm (A2), we introduce the signalling
variable 𝜂 and let 𝜂 = 1

𝜆
. Using 𝜂, we get the corresponding rule to

update 𝑣 and {𝑚𝑠} as shown in Step 2 and Step 4, respectively, of
Algorithm (A2). Specifically, it can be verified from these two rules that
the value of 𝑣 −∑𝑠 𝑚𝑠 is monotonically increasing in 𝜂. Thus, the
bisection method is guaranteed to reach the state of 𝑣 −∑𝑠 𝑚𝑠 = 0
(within the tolerance error for convergence), which also corresponds
to the maximum of the objective function based on the property of
convex optimization. In particular, since the maximum social benefit
from cooperation is given by 𝑉 ∗ (i.e., the optimal value for Problem
(SOP)), the maximum net-benefit from cooperation is thus given by
𝐺∗

𝑇 = 𝑉 ∗ −∑𝑠 𝜙𝑠 − 𝜙0. Intuitively, the net-benefit of the PU from
cooperation cannot exceed 𝐺∗

𝑇 , which corresponds to the result that
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𝑣 − 𝛼𝐿∗
0 − 𝜙0 ≤ 𝐺∗

𝑇 . Since the updating rule for the PU’s expected
charge is given by 𝑣 = 𝑤0𝜂 + 𝛼𝐿∗

0 + 𝜙0 as derived before, we thus
obtain that the signalling 𝜂 ≤ 𝐺∗

𝑇
𝑤0

. Also, for the similar reason regarding

each SU, we obtain that 𝜂 ≤ 𝐺∗
𝑇

𝑤𝑠
, ∀𝑠. Combing these previous two cases,

we obtain 𝜂 ≤ 𝜂 = min
{
min𝑠∈𝒮{𝐺∗

𝑇
𝑤𝑠

}, 𝐺∗
𝑇

𝑤0

}
, where 𝜂 is the upper

bound. Meanwhile, its lower bound 𝜂 = 0. Knowing these upper and
lower bounds for 𝜂, Algorithm (A2) is guaranteed to converge to the

optimum within 𝒪(min
{

min𝑠∈𝒮{𝐺∗
𝑇

𝑤𝑠
},𝐺

∗
𝑇

𝑤0

}
𝑡𝑜𝑙

)
rounds of iterations. We

thus finish the proof.

APPENDIX X: PROOF OF COROLLARY 2
The proof exploits the property that 𝑣 =

∑
𝑠 𝑚𝑠 at the optimum. Further

using the rules to update 𝑣 and 𝑚𝑠 provided in Step 2 and Step 4 of
Algorithm (A2), respectively, we obtain that the optimal signalling 𝜂∗ at
the equilibrium state as 𝜂∗ = 1

𝑤0+
∑

𝑠 𝑤𝑠
𝐺∗

𝑇 . Further using this 𝜂∗, we
have

𝑣∗ =
𝑤0

𝑤0 +
∑

𝑠 𝑤𝑠
𝐺∗

𝑇 + 𝛼𝐿∗
0 + 𝜙0,

𝑚∗
𝑠 = 𝑈∗

𝑠 − 𝑤𝑠

𝑤0 +
∑

𝑠 𝑤𝑠
𝐺∗

𝑇 − 𝜙𝑠,∀𝑠

which yield the set of net-benefits, i.e. 𝐺∗
0 and {𝐺∗

𝑠}∀𝑠, in Corollary 2.
We thus finish the proof.


